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ABSTRACT 



^\i ' A fixed point theorem is proved for inverse transducers, leading to an automata- 

^ . theoretic proof of the fixed point subgroup of an endomorphism of a finitely gener- 

^n ' ated virtually free group being finitely generated. If the endomorphism is uniformly 

continuous for the hyperbolic metric, it is proved that the set of regular fixed points 
in the hyperbolic boundary has finitely many orbits under the action of the finite 
fixed points. In the automorphism case, it is shown that these regular fixed points 
are either exponentially stable attractors or exponentially stable repellers. 



1 Introduction 



^ I Throughout the paper, the ambient groups are assumed to be finitely generated. 



Gersten proved in the eighties that the fixed point subgroup of a free group automor- 
phism ip is finitely generated [8j. Using a different approach. Cooper gave an alternative 
proof, proving also that the fixed points of the continuous extension of ^ to the boundary of 
the free group is in some sense finitely generated \4^. Bestvina and Handel achieved in 1992 
a major breakthrough through their innovative train track techniques, bounding the rank 
of the fixed point subgroup and the generating set for the infinite fixed points [2j. Their 
approach was pursued by Maslakova in 2003 to prove that the fixed point subgroup can be 
effectively computed [Mj. 

Gersten's result was generalized to further classes of groups and endomorphisms in sub- 
sequent years. Goldstein and Turner extended it to monomorphisms of free groups [H], and 
later to arbitrary endomorphisms [12 ]. Collins and Turner extended it to automorphisms 
of free products of freely indecomposable groups [3] (see the survey by Ventura [22]). With 
respect to automorphisms, the widest generalization is to hyperbolic groups and is due to 
Paulin [ig. 

In 2002, Sykiotis extended Collins and Turner's result to arbitrary endomorphisms of 
virtually free groups using symmetric endomorphisms ^9j (see also [20] for further results 
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on symmetric endomorphisms) . In p3], the author generahzed Goldstein and Turner's 
authoma-theoretic proof to arbitrary endomorphisms of free products of cychc groups. In 
the present paper, this result is extended to arbitrary endomorphisms of virtually free 
groups, providing an automata-theoretic alternative to Sykiotis' result. 

This is done by reducing the problem to the rationality of some languages associated to 
a finite inverse transducer, and subsequent application of Anisimov and Seifert's Theorem. 

Infinite fixed points of automorphisms of free groups were also discussed by Bestvina 
and Handel in [2]. Gaboriau, Jaeger, Levitt and Lustig remarked in [7] that some of the 
results on infinite fixed points would hold for virtually free groups with some adaptations. 

In [17] , we discussed infinite fixed points for monomorphisms of free products of cyclic 
groups, the group case of a more general setting based on the concept of special confluent 
rewriting system. These results are now extended to endomorphisms with finite kernel of 
virtually free groups (which are precisely the uniformly continuous endomorphisms for the 
hyperbolic metric) , and we discuss the dynamical nature of the regular fixed points in the 
automorphism case, generalizing the results of jTj on free groups. 

The paper is organized as follows. Section 2 is devoted to preliminaries on groups 
and automata. We discuss inverse transducers in Section 3, proving a useful fixed point 
theorem. In Section 4 we prove that the fixed point subgroup is finitely generated for 
arbitrary endomorphisms of a (finitely generated) virtually free group G. 

In Section 5 we get a rewriting system with good properties to represent the elements 
of G, and use it in Section 6 to construct a simple model for the hyperbolic boundary of 
G. We study uniformly continuous endomorphisms in Section 7 and prove in Section 8 that 
the infinite fixed points of such endomorphisms are in some sense finitely generated. 

The classification of the infinite fixed points of automorphisms is performed in Section 
9, and the final Section 10 includes an example and some open problems. 

2 Preliminaries 

Throughout the whole paper, we assume alphabets to be finite. 

We start with some group-theoretic definitions. Given an alphabet A, we denote by A~^ 
a set of formal inverses of A, and write A = A\J A~^ . We extend the mapping a i-^ a^^ 
to an involution of the free monoid A* in the obvious way. As usual, the free group on A 
is the quotient of A* by the congruence generated by the relation {{aa~^, 1) | a G A}. We 
denote by : A* — > Fa the canonical morphism. 

Let 

Ra = A*\ (U^g^ A*aa-^A*) 

be the subset of all reduced words in A* . It is well known that, for every g € F^, g9~^ 
contains a unique reduced word, denoted by g. We write also u = u9 for every u £ A*. 
Note that the equivalence uO = vO <^ u = v holds for all u,v G A* . 

A group G is virtually free if G has a free subgroup F of finite index. In view of Nielsen's 
Theorem, it is well known that F can be assumed to be normal, and is finitely generated 
if G is finitely generated itself. Therefore every finitely generated virtually free group G 
admits a decomposition as a disjoint union 

G = FUFbiU...U Fbm, 
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where F <G is a free group of finite rank and bi, . . . ,bm S G. 

We sliall need also some basic concepts from automata theory: 

Let ^ be a (finite) alphabet. A subset of A* is called an A-language. We say that 
•^ = {QtQo,T,5) is a (finite) deterministic A-automaton if: 

• Q is a (finite) set; 

• qo ^ Q and T C Q; 

• 6 : Q X A ^)- Q is a partial mapping. 

We extend 6 to a partial mapping Q x ^* ^ Q by induction through 

{q,l)6 = q, {q,ua)6 = {{q,u)6,a)6 {u£A*,aeA). 

When the automaton is clear from the context, we write qu = {q,u)5. We can view A 
as a directed graph with edges labelled by letters a G Ahy identifying {p,a)5 = q with the 
edge p — >q. The set of all such edges is denoted by E{A) C Q x A x Q. 

A finite nontrivial path in yi is a sequence 

ai a2 an 
PO >Pl >■■■ >Pn 

with {pi-i,ai,pi) € E{A) for z = 1, . . . ,n. Its label is the word ai . . . a^ € A*. It is said 
to be a successful path if po = Qo and pn € T. We consider also the trivial path p — >p for 
p G Q. It is successful ii p = qo GT. 

The language L{A) recognized by A is the set of all labels of successful paths in A. 
Equivalently, L{A) = {u € A* \ q^u E T}. If {pi^i,ai,pi) € E{A) for every i € N, we may 
consider also the infinite path 

ai 02 as 
PO >Pl >P2 ^••• 

Its label is the (right) infinite word 010203 . . . We denote by A'^ the set of all (right) infinite 
words on the alphabet A, and write also A°° = A* U A^ . We denote by L^i^A) the set of 
labels of all infinite paths q^ — > ... in ^. 

Given u G A* and a € A°° , we say that u is a prefix of a and write n < a if a = i(/3 for 
some /? G A^ . By convention, this includes the case a <a for a G A^ . For every n G N, we 
denote by od^^ the prefix of length n of a, applying the convention that at"! = a if n > |q|. 

It is immediate that (^°°, <) is a complete A-semilattice: given a, /3 G A°°, a A /3 is the 
longest common prefix of a and /3 (or a if a = /3 G A^\ The operator A will play a crucial 
role in later sections of the paper. 

The star operator on ^-languages is defined by 



L* = y L", 



n>0 

where iJ^ = {!}. An A-language L is said to be rational if L can be obtained from finite 
74-languages using finitely many times the operators union, product and star (this is called 
a rational expression). Alternatively, by Kleene's Theorem [H Section III], L is rational 
if and only if it is recognized by a finite deterministic A-automaton A. The definition 
through rational expressions generalizes to subsets of an arbitrary group in the obvious 



way. Moreover, if we fix a homomorphism n : A* ^ G, the rational subsets of G are the 
images by vr of the rational j4-languages. For obvious reasons, we shall be dealing mostly 
with matched homomorphisms. A homomorphism tt : A* ^^ G is said to be matched if 
a^^TT = (a7r)~^ for every a £ A. For details on rational languages and subsets, the reader 
is referred to [H [16] . 

We shall need also the following classical result of Anisimov and Seifert: 
Proposition 2.1 jl6| Prop. II. 6. 2] Let H be a subgroup of a group G. Then H is a rational 
subset of G if and only if H is finitely generated. 

We end this section with an elementary observation that will help us to establish that 
fixed point subgroups are finitely generated. 

Proposition 2.2 Let tt : A* —^ G be a matched epimorphism and let X Q G. Let A be a 
finite A-automaton such that: 

(i) L{A) C Xvr-i; 

(ii) L{A) n XTT^"^ ^ for every x G X . 
Then X is a rational subset of G. 
Proof. It follows immediately that X = {L{A))tt, hence X is a rational subset of G. D 



3 Inverse transducers 

Given a finite alphabet A, we say that T = {Q,qo,5,X) is a (finite) deterministic A- 
transducer if: 

• Q is a (finite) set; 

• qo ^Q; 

• 6 : Q X A ^?- Q and X : Q x A ^?' A* are mappings. 

As in the automaton case, we may extend 6 to a mapping Q x A* ^- Q. Similarly, we 
extend A to a mapping Q x A* ^- A* through 

(g, 1)A = 1, {q,ua)X = {q,u)X{{q,u)5,a)X {uGA*,a£A). 

When the transducer is clear from the context, we write qa = (g, a)6. We can view T as 
a directed graph with edges labelled by elements oi A x A* (represented in the form a\w) 
by identifying {p,a)5 = q, {p,a)X = w with the edge p — >q. The set of all such edges is 
denoted by E{T) QQxAxA*xQ. li pu = q and (p, u)X = v, we write also p — >q and 
call it a path in T- 

It is immediate that, given u & A* , there exists exactly one path in T of the form 
qo — >q. We write uT = v, defining thus a mapping T : A* ^- A*. 

Assume now that T = {Q,qo,T,d, A) is a deterministic ^-transducer such that 

p — >q is an edge of T if and only if q >p is an edge of T. 

Then T is said to be inverse. 



Proposition 3.1 Let T = {Q,qo,5,X) be an inverse A-transducer. Then: 

(i) 6 : Q X A* ^ Q induces a mapping 5 : Q x Fa -^ Q by (q, u9)5 = (g, u)5; 

(a) T : A* —^ A* induces a partial mapping T : Fa -^ Fa by u9T = uTO. 

Proof, (i) Since the free group congruence ~ is generated by the pairs [aa~^, 1), it suffices 
to show that {q,vaa~^w)5 = {q,vw)6 for all q G Q; v,w & A* and a £ A. 
Since 6 is a full mapping, we have a path 

v\v' a\u a~^\u' w\w' , . 

q — >qi — >q2 yqs — >q4 (i) 

in T. Since T is inverse (in particular deterministic), we must have u' = u^^ and qs = qi, 
hence we also have a path 

v\v' w\w' 

q — >qi — >q4: 

and so (q,vaa~^w)5 = q^ = {q,vw)6 as required. 

(ii) Similarly to part (i), it suffices to show that {vaa~^w)TO = {vw)T6 for all v,w £ A* 
and a £ A. 

We consider the path (P) for g = (/q- Since u' = u^^ and qs = qi, we get 

[vaa^ w)T9 = {v'uu^ w')9 = {v'w')0 = {vw)T6 

as required. D 

We prove now one of our main results, generalizing Goldstein and Turner's proof [12] to 
mappings induced by inverse transducers. 

Theorem 3.2 Let T be a finite inverse A-transducer and let z G Fa- Then 

L = {geFA\gf = gz] 

is rational. 

Proof. Write T = {Q,qQ,5,\). For every g G Fa, let Pi{g) = g~^{gT) € Fa and write 
qo9 = {qo,g)5,P{g) = iPi{g),qog)- Note that g e L if and only if Pi{g) = z. We define a 
deterministic j4-automaton A^p = {P, {l,qo),S,E) by 

P = {P{g) ! g G Fa}; 

S = Pr\{{z}xQ)- 

E = {{P{g),a, P{ga)) | ^ g F^, a G I}. 

Clearly, A^p is a possibly infinite automaton. Note that, since T is inverse, we have qaa~^ = q 
for all (7 G Q ^^d a £ A. It follows that, whenever {p,a,p') G E, then also {p',a~^,p) G E. 
We say that such edges are the inverse of each other. 

Since every w £ A* labels a unique path P{1) — >P{w9), it follows that 

LiA^) = Le-\ 



In view of Proposition 12.21 to prove that L is rational it suffices to construct a finite sub- 
automaton Bip of Ap such that L C L{Bip). 
We fix now 

M = max{|(g, a)\\ : g e Q, a G 1}, N = max{2M + 1, |z|} 

and 

P' = {P{g)eP:\Pi{g)\<N}. 

Since A is finite, so is P' . Given g G Fa, write gi = 'g^'^K Given p = {g,q) G P, we write 
also pi = gi. We say that an edge (pi,a,P2) £ E is: 

• central ii pi,p2 G P'; 

• compatible if it is not central and pit = a. 

We collect in the following lemma some elementary properties involving these concepts: 
Lemma 3.3 (i) There are only finitely many central edges in A^. 

(a) If {pi,a,p2) £ E is not central, then either {pi,a,p2) or {p2,0'~^,pi) is compatible. 

(Hi) For every p ^ P, there is at most one compatible edge leaving p. 

Proof, (i) Since A and P' are both finite. 

(ii) Assume that {pi,a,p2) is neither central nor compatible. Write pi = {gi,qi) and 
P2 = {92, 92)- Suppose that gi = 1. Then (72 = -Pi(o) = a^^{aF) and so \g2\ < I + M < N , 
in contradiction with {pi,a,p2) being non central. 

Thus 'gi = bu for some 6 G A \ {a} and u G Ra- On the other hand, g2 = a^'^gi{qi,a)\ 
and so 32 = a~^hu{qi,a)\. If |u| < M, then \gi\^ \g2\ < 2M + 1 < A^ and (pi,a,p2) would 
be central, a contradiction. Thus |m| > M > |(gi,a)A| and so §2'- = o,^^- Thus (p2)«~"'^>Pi) 
is compatible. 

(iii) Since any compatible edge leaving p must be labelled by pt, and A^ is deterministic. 
D 

A (possibly infinite) path q^ — ""-^qi—^ ... in A^p is: 

• central if all the vertices in it are in P'; 

• compatible if all the edges in it are compatible and no intermediate vertex is in P'. 
Lemma 3.4 Let u ^ L. Then there exists a path 

(1, qo) = Po >P0 >Pl >Pl > ■ ■ ■ >Pn >Pn >Pn ^ S 

in Ap such that: 

(i) U = UqViVU^^Ui . . . VnW~^Un; 

(ii) the paths p', — >p": are central; 
(iii) the paths p'-_i~^pj and p'- — ^pj are compatible; 
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(iv) pj ^ P' if both Vj and Wj are nonempty. 
Proof. Since S" C P' by definition of N , there exists a path 

(1, m = Po^Po^Pl > ■ ■ ■ >Pn^Pn e S (2) 

in A,p such that u = uqXiUi . . . XnUn and the paths p'j — yp'- (which may be trivial) collect 
all the occurrences of vertices in P' (and are therefore central). 

By Lemma l3.3r ii). if (p,a,r) occurs in a path p"_^^-)-p'-, then either {p^a^r) or (r,a^^,p) 
is compatible. On the other hand, since Xj is reduced, it follows from Lemma l3.3( iii) that 

n'- 1 -^v\ can be factored as -i 

^"^ ^ II ^H ""_, I 

Pj-i — >Pj — >Pj 

with p'j_i^^Pj and p', — ^-^pj compatible. Clearly, (iv) holds since no intermediate vertex of 
p'j_i — yp'j belongs to P' by construction. D 

We say that a compatible path is maximal if it is infinite or cannot be extended (to the 
right) to produce another compatible path. 

Lemma 3.5 For every p £ P' , there exists in A^p a unique maximal compatible path Mp 
starting at p. 

Proof. Clearly, every compatible path can be extended to a maximal compatible path. 
Uniqueness follows from Lemma l3.3( iii). D 

We define now 

Pi = {p (z P' \ Mp has finitely many distinct edges } 

and Pg — P' \ -^i- Hence Mp contains no cycles if p G P2 • ^Y Lemma 13.51 if Mp and Mpi 
intersect at vertex r^p/, then they coincide from rpp' onwards. In particular, if Mp and Mp/ 
intersect, then p € P^ if and only if p' £ P[. Let 

y = {(p,p') G P^ X P2 I Mp intersects Mp,}. 

For every {p,p') € Y , let Mp\Mp/ denote the (finite) subpathp — >rpp, of Mp. In particular, 
if p' = p, Mp \ Mp' is the trivial path at p. 

Let B^ be the subautomaton of A,p containing: 

• all vertices in P' and all central edges; 

• all edges in the paths Mp [p £ P!^) and their inverses; 

• all edges in the paths Mp \ Mp' {{p,p') E Y) and their inverses. 

It follows easily from Lemma I3.3( i) and the definitions of P[ and Mp \ Mp' that B^^ is a 
finite subautomaton of A^. As remarked before, it suffices to show that L C L{B^). 

Let u & L. Since B^p contains all the central edges of Aip, it suffices to show that all 

subpaths -1 

// ^.\ "'.\ / 
Pj-i^Pj^Pj 



appearing in the factorization provided by Lemma 13.41 are paths in B^p. 

Without loss of generaUty, we may assume that Vj ^ 1. If Wj = 1, then p'^i € Pi and 
we are done, hence we may assume that also Wj ^ 1. Now, if one of the vertices p''_i,p'j is in 
P{, so is the other and we are done since B^ contains all the edges in the paths Mp {p & P[) 
and their inverses. Hence we may assume that p''_i,p'j G i-2- It follows that pj = r^" p/ 

(since Vjwj G Ra, the paths M„" and M,/ cannot meet before pj). Thus p'^_-,^^Pj is 
Mpii \ Mpr and p'- — ^-^pj is M^/ \ MpH , and so these are also paths in B^ as required. D 



4 The fixed point subgroup 

We can now produce an automata-theoretic proof to Sykiotis' theorem: 
Theorem 4.1 [19', Proposition 3.4] Let if be an endomorphism of a finitely generated vir- 
tually free group. Then Fix c/? is finitely generated. 

Proof. We consider a decomposition of G as a disjoint union 

G = F6o U F&i U . . . U Fhm, (3) 

where F = Fa < G is a free group with A finite and bo, ■ ■ ■ ,bm & G with 6o = 1- 
Let ifQ : Fa —5- Fa and r] : Fa — > {0, . . . , m} be defined by 

gif = {gipo)bgr^ {g G Fa). 

Since the decomposition ^ is disjoint, gipQ and gr] are both uniquely determined by gip, 
and so both mappings are well defined. 

Write Q = {0, . . . ,m}. For all i G Q and a £ A, we have bi(aip) = hi^ab(i^a)5 ^^r some 
(unique) hi^a G Fa and {i,a)6 G Q- It follows that, for every j G Q, Aj = {Q,0,j,6) 
is a well-defined finite deterministic ^-automaton. We define also a finite deterministic 
A-transducer T = (Q, 0, 6, A) by taking {i, a)X = hi^a for alH G Q and a £ A. 

Assume that — 

I >{i,a)b =3 

is an edge of T. Then bi{aip) = hi^abj and so also 

bi = 6j(ay?)(a~V) = hi^abj{a^^ip) = hi^ahj^a-^b{j,a-^)S- 

This yields hi^ahj^a-^ = 1 a^d {j,a~^)6 = i, thus there is an edge j — — >{j,a~^)6 = i 

in T and so T is an inverse transducer. We claim that T = (fo- Indeed, let (7 = oi . . . a„ 
(oj G Ai). Then there exists a (unique) path in T of the form 



= to ni > . . . >ln- 

Moreover, ij = {ij-i,aj)5 for j = 1, . . . ,n. It follows that 

gip = big{aiip) ... {unf) = hio^aibii{a2<f) ■ ■ ■ (anf) = hig^aihi^^azbiziasf) ■■■ (an^) 

= . . . = Ujo^ai ■ ■ ■ 'T'i„-i,a„bi^ 



and so 

gipQ = hig^ai ■ ■ ■ hi„_^,a„ = {hiQ,ai ■ ■ ■ hi^_^^aJO = gT . 

Thus T = ifQ. 

Note that we have also shown that grj = in = (0, ai . . . an)S, hence 

L{Aj) = {u£A*\ uOri = j}. (4) 

Next let 

y = {{hj) G Q X Q I hj{hi^) G FAbi]. 

For every (i,j) E Y , let Zjj- G Fa be such that hjihiip) = Zijbi and define 

^i,j = {5 S -Fa I gbi G Fix(/7 and ^ = j}. 

We claim that Xij is a rational subset of Fa for every (i,j) G Y. Indeed, {gbi)ip = 
{gip){bnp) = {g(po)bgr,{biip). Hence 



Xij = {g e Fa\ {g(po)bj{biip) = gbi and gr] = j} = {g e Fa \ {g^o)zijbi = gbi and gr] = j} 
= i 

Writing 



{g £ Fa\ gipo = gz^j} n{g e FA\gr] = j}. 



Li J = {g e Fa\ g^po = g\j}, 

it follows from @ that Xij = Lij f] {L{Aj))9. Since fo = T, it follows from Theorem 
13.21 that Xij is an intersection of two rational subsets of Fa, hence rational itself (see [U 
Corollary 111.2.10]). 

Now it is easy to check that 

Fix 99 = U^eQ {^{Xij I (i,i) G Y})bi. (5) 

Indeed, for every {i,j) G Y, we have Xijbi C Fix 93 by definition of Xij. Conversely, 
let gbi G Fix 93 for some g G Fa and i G Q. Then gbi = {gbi)ip = {g^o)bg'q{bi^) and so 
bgrjibi^p) G Fa^. Hence {i^gi]) G Y. Since g G Xi^gjj, ([5]) holds. Since the Xij are rational 
subsets of Fa and therefore of G, it follows that Fix 93 is a rational subset of G and therefore 
finitely generated by Proposition 12. li D 



5 A good rewriting system 

We recall that a (finite) rewriting system on j4 is a (finite) subset TZ of A* x A* . Given 
u,v (z A*, we write u — y-jiv if there exist {r,s) G 7^ and x,y (^ A* such that u = xry and 
V = xsy. The reflexive and transitive closure of — >ti is denoted by — >'^. 
We say that TZ is: 

• length- reducing if \r\ > \s\ for every (r, s) G IZ] 

• length- nonincreasing if \r\ > \s\ for every (r, s) G 7?.; 



• noetherian if, for every u (^ A* , there is a bound on the length of a chain 

■" — >-RVi — >n . . . — >TZVn; 

• confluent if, whenever u — y'^v and u — >tiW, there exists some z E A* such that 
V — >^z and w — >^z. 

A word u £ A* is an irreducible if no ?; € A* satisfies u — >tiv. We denote by IrrT^ the set 
of all irreducible words in A* with respect to 7^. 

We introduce now some basic concepts and results from the theory of hyperbolic groups. 
For details on this class of groups, the reader is referred to J9j. 

Let vr : ^4* — 7> G be a matched epimorphism with A finite. The Cayley graph r^(G) of 
G with respect to vr has vertex set G and edges {g,a,g{a7r)) for all g € G and a £ A. We 
say that a path p — >q in Ta{G) is a geodesic if it has shortest length among all the paths 
connecting p to g' in Ta{G). We denote by Geo^(G) the set of labels of all geodesies in 
Ta{G). Note that, since r^(G) is vertex-transitive, it is irrelevant whether or not we fix a 
basepoint. 

The geodesic distance di on G is defined by taking di{g, h) to be the length of a geodesic 
from g to h. Given X Q G nonempty and g (z G, we define 

di{g,X) = va.m.{di{g,x) \ x E X}. 

A geodesic triangle in Ta{G) is a collection of three geodesies 

Pi ■ 91 — >g2, P2 ■■ 92 — ^53, -P3 : 53 — >9i 

connecting three vertices gi,g2,g3 G G. Let V{Pi} denote the set of vertices occurring in 
the path Pj. We say that Ta{G) is 5-hyperbolic for some (5 > if 

yg€V{Pi) di{g,V{P2)UV{P3))<6 

holds for every geodesic triangle {Pi, P2, P3} in in r^(G). If this happens for some 5, we say 
that G is hyperbolic. It is well known that the concept is independent from both alphabet 
and matched epimorphism, but the hyperbolicity constant 6 may change. Virtually free 
groups are among the most important examples of hyperbolic groups. 

We now use a theorem of Gilman, Hermiller, Holt and Rees |10] to prove the following 
result: 

Lemma 5.1 Let G be a finitely generated virtually free group. Then there exist a finite 
alphabet A, a matched epimorphism tt : A* —^ G and a positive integer Nq such that, for all 
u E GeoA(G) and v G A* : 

(i) there exists some w G GeoA(G) such that wtt = {uv)tt and \u Aw\ > \u\ — Nq\v\; 

(a) there exists some z € GeOyi(G) such that ztt = {vu)tt and \u^^ A z^^\ > \u\ — Nq\v\. 

Proof, (i) By |10l Theorem 1], there exists a finite alphabet A, a matched epimorphism 
TT : A* ^^ G and a finite length-reducing rewriting system TZ such that GeOyi(G) = IrrT^. 
The authors also prove that this property characterizes (finitely generated) virtually free 
groups. 
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Let A'^o = max{|r| : {r,s) £ 7^}. Suppose that 

uv = Wo — y-jzwi — >n . . . — >nWn = w 

is a sequence of reductions leading to a geodesic w. Then {wv~'^)-k = wk and since u is a 
geodesic we get \w\ > \u\ — \v\. Since TZ is length-reducing, this yields n<|ti| — |t(;|<|t>|. 

Trivially, \u A wq\ > \u\. Since u A Wi-i G GeoA(G), it is immediate that \u A Wi\ > 
\u A Wi-il — Nq and so 

\u A w\ = \u A Wnl > \u\ — uNq > \u\ — A^'olf |. 

(ii) The inverse of a geodesic is still a geodesic. By applying (i) to u^^ and v^^, we get 
(u~^v~^)'7T = XTT for some x € Geo^(G) satisfying \u~^ A x| > \u^^\ — Nq\v^^\. Then we 
take z = x~^. D 

We assume for the remainder of the paper that G is a finitely generated virtually free 
group, TT : A* ^>- G a matched epimorphism and N^ a positive integer satisfying the condi- 
tions of Lemma l5. 11 Since G is hyperbolic, it follows from [Bl Theorem 3.4.5] that GeOyi(G) 
is an automatic structure for G with respect to vr (see [6] for definitions), and so the fellow 
traveller property holds for some constant Kq > (which can be taken as 2(5 + 1), if 5 is 
the hyperbolicity constant). This amounts to say that 

yu,v G GeoA(G) (di('U7r,v7r) < 1 ^ Vn € N (ii(n["V, w'^W) < Kq). 

We fix a total ordering of A. The shortlex ordering of A* is defined by 

\u\ < \v\ 
u <si V if I or 

= \v\ and u = wau', v = wbv' with a < 6 in ^ 

This is a well-known well-ordering of A* , compatible with multiplication on the left and on 
the right. Let 

L = {n € GeOyi(G) | u <si v for every v € uvrvr^ }. 

By [6l Theorem 2.5.1], L is also an automatic structure for G with respect to vr. We note 
that L is factorial (a factor of a word in L is still in L). 

Given g £ G, let 'g denote the unique word of L representing g. This corresponds 
precisely to free group reduction if G = F^ and n = 6. Since we shall not need free group 
reduction from now on, we write also u = uW for every u £ A* to simplify notation. 

Theorem 5.2 Consider the finite rewriting system TZ' on A defined by 

n' = {{u,u) -.ue A*, \u\ < KoNo + 1, u ^u}. 
Then: 
(i) TZ' is length-nonincreasing, noetherian and confluent; 
(ii) IrrTZ' = L. 
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Proof, (i) IZ' is trivially length-nonincreasing, and noetherian folows from 

(n,n) & TZ' ^ u >si u (6) 

and A* being well-ordered by <si. 
Next we show that 

u — )-|j/M holds for every u £ A*. (7) 

We use induction on |n|. The case |m| < KqNq + 1 follows from the definition oiTZ', hence 
assume that \u\ > KqNq + 1 and d?]) holds for shorter words. Write u = avb with a,b £ A. If 
av ^ L, we have u — >^,7ivb and u = avb, hence u — >'j^iU follows from avy — >^,avy. Hence 
we may assume that av € L. 

Suppose that u ^ GeoA(G). By Lemma [5.1( 1). there exists some w S GeoA(G) such 
that WTT = {avb)TT and \av A w\ > \av\ — Nq > KqNq + 1 — A'^o > 0. Hence we may write 
w = aw' and we get (f6)7r = {a~^w)TT = vu'tt. Since |u;'| < \vb\ due to n ^ GeoA(G'), we get 
\vb\ < \vb\ and so we may apply twice the induction hypothesis to get 

u = avb — >*j^,avb — >*j^,avb = u. 

Hence we may assume that u € Geo a{G). We claim that W^' = a. Let p = KqNq + 1. Since 
u,u £ Geoyi(G) and utt = uvr, the fellow traveller property yields di{wP^'K ,vMt:) < Kq and 
so vP^TT = {vP^x)t: for some x of length < Kq. Thus, by Lemma l5.1( i). there exists some 
w € GeoA{G) such that wk = (u'P'x)7r = n'^'vr and 

[u'^l Aw\> lu'^'l - Nq\x\ >p- KoNq = 1, 

hence W ' = w'-^'. Now av £ L hj assumption, hence w^' € L and so m^' = uW. Since 
WTT = wP'TT and w € GeoA(G'), we get a = w^' < w^^' = w^' in {A, <). On the other hand, 
u <si u yields u'-^' < a in (^, <) and so u^^' = a as claimed. 

Now it follows easily that u = aa^^u = avb and the induction hypothesis yields 
vb — >*jiivb and therefore u = avb — >*^,avb = u. Therefore ([7]) holds. 

Assume now that u — >*j^iV and u — >*iiiW. By ([7]), we get v — >*j^iV = u and w — >*riW = u, 
hence 7^' is confluent. 

(ii) It follows from ([7]) that IrrT^' C L. The converse inclusion follows from the impli- 
cation 

U >R'V =^ u >sl V, 

which follows in turn froin ([6]). D 

We establish now some technical results which will be useful in later sections: 
Lemma 5.3 Let u,v £ L and let w £ A* be such that vw E GeOyi(G) and {vw)tt = utt. 
Then \u /\v\> \v\ — KqNq. 

Proof. Let k = \v\ and write u = u^^'u'. Since v = {vwy^', it follows from the fellow 
traveller property that di{viT, w 'tt) < Kq, hence we may write vir = {u^ 'z)7r with \z\ < Kq. 
Since u^'^l is itself a geodesic, it follows from Lemma lS.lT i) that there exists a geodesic w^^z' 
satisfying [u^P'z')7r = [w 'z)tt = vtt and 

p= \u^^^ Au^Ph'l > |uW| -TVokl > \v\-KoNo. 

Now V £ L yields v <gi w'^'z' and so v^'^' <si n'^'. On the other hand, u £ L yields u <si vw 
and so w^' <si v^''^'. Thus w''^' = v^^' and so |ti A wj > p > \v\ — KqNq. D 
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Proposition 5.4 (i) Let uv € L and let w € A* be such that \v\ > KqNq + A'qIu'I. Then 



uvw = uvw. 



(a) Let n E A* and let vw,vw' € L. Then \uvw A uvw'\ > \v\ — KqNq — Nq\u\. 

Proof, (i) Write v = uit;2 with \v2\ = Nf)\w\. By Lemma IS.lT i). there exists some uviz € 
Geo a{G) such that {uviz)t[ = {uvw)tt. Let x = uvw. By Lemma E31 we get \x A uvi\ > 
\uvi\ — KqNq. Since \vi\ = \v\ — \v2\ > -f^o-^O) then u < x and we may write x = uy for some 
y. Since L is factorial, we have y & L. In view of yvr = {u~^x)tt = {vw)tt, we get y = vw 
and so uvw = uvw. 

(ii) We may assume that |i;| > KqNq + Nq\u\. Write v = ^1^2 with \vi\ = Nq\u\. Let x = 
uvi and write p = |a;| + \v2\. By the proof of Lemma [STTl we have XV2W, xv2w' G GeoA{G). 

Let y = uvw. Since {xv2w)t: = yvr, it follows from the fellow traveller property that 
di{{xv2)'K,y^^'K) < Kq, hence we may write {xv2)'k = {y^^s)!^ with \s\ < Kq. Since yW 
is itself a geodesic, it follows from Lemma IS.lT i) that there exists a geodesic y\P~^'iNo]gi 
satisfying (y^^" " "Js')7r = (y'P's)7r = (xu2)vr. To complete the proof, it suffices to show 
that 

\yAxv^\>p-KQNQ. (8) 



Indeed, together with the corresponding inequality for y' = uvw' , this implies 



\UVW A UVW'\ > p — KqNq > \v2\ — KqNq = \v\ — KqNq — Nq\u\ 

and we obtain the desired inequality. 

To prove ([8]), we consider the geodesic y\-P~^o^o]g\ Since {y^P~^°'^'^'s')7: = (a;w2)'7r, we 
get 1^2 <sl y^P~^'^^o]g' f^jj^j QQ -T^ip-KoNo] <^^ y[p-KoNo]^ q^ ^^le other hand, XV2W is also 
a geodesic, hence y = uvw = xv2W <si xv2W yields yiP~^oNo] <^^ xv2^^~^°'^°' ■ Therefore 
y[p-KoNo] ^ ^p-KoNo] j^^j gQ p i^Q^g ^g fequircd. D 



6 A new model for the boundary 

We can now present a new model for the boundary of a finitely generated virtually free 
group which will prove itself fit do study infinite fixed points in forthcoming sections. The 
notion of boundary is indeed one of the important features associated to hyperbolic groups. 
To present it, we shall define a second distance in G by means of the Gromov product (taking 
1 as basepoint). We keep all the notation introduced in Section [5l In particular, G is a 
finitely generated virtually free group and L = IrrT?.'. 
Given g,h G G, we define 

{g\h) = ^{diil,g) + di{l,h)-diig,h)). 

Fix e > such that e6 < ^. Write z = e^ and define 

^(^'^)= otherwise 
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for all g,h € G. In general, p is not a distance because it fails the triangular inequality. 
This problem is overcome by defining 

d2{g,h) = mi{p{go,gi) + ... + p{gn-i,gn) \ go = g, gn = h; gi,... ,gn-i S G}. 

By [211 Proposition 5.16] (see also [U Proposition 7.10]), d2 is a distance on G and the 
inequalities 

^Pig,h)<d2ig,h)<pig,h) (9) 

hold for all g,h G G. 

In general, the metric space (G, ^2) is not complete. Its completion {G,d2) is essentially 
unique, and dG = G\G is the boundary of G. The elements of the boundary admit several 
standard descriptions, such as equivalence classes of rays (infinite words whose finite factors 
are geodesies) when two rays are equivalent if the Hausdorff distance between them is finite 
[9l Section 7.1]. We won't need precise definitions for these concepts or d2 since, as we shall 
see next, we can get a simpler description of G for virtually free groups. 

Lemma 6.1 There exists some Mq > such that, for all g,h (^ G: 

(i) \g\ <\gA^\ + KoNo + iVo|7^|; 

(U)d,{g,h)>\:St^-Ko; 
(in) \g Ah\< {g\h) < \g Ah\ +Mo. 

Proof, (i) By applying Lemma [5TT] to the product 'gh, there exists some factorization g = vz 
and some geodesic vw € {gh)7r~^ such that |t;| > |^| — A'^ol^l- Now we apply Lemma 15.31 to 
u = gh and vw to get \u Av\ > \v\ — KqNq. Hence 

\gA^\ = \uAv\> \v\ - KqNo > \g\ - No\h\ - KoNq 

and (i) holds. 

(ii) Let u = g A h. Applying (i) to g and g~^h, and in view of di{g, h) = \g~^h\, we get 

\g\ <\gAh\+ KqNq + Nodi (g, h) 

and so (ii) holds. 

(iii) We define Mq = 6 + {26 + 1 + Ko)No — i, assuming that Geo^(G) is (5- hyperbolic. 
Let u = 'g Ah, and write g = uv, h = uw. It is easy to check that 

(sl^) = 2^di{l,g) + di{l,h) -di{g,h)) = -{\u\ +di{uiT,g) + \u\ + di{u7r,h) -di(g,h)). 

Since di{g, h) < di{g, utt) + di{u'7T, h), we get Ig A h\ = \u\ < {g\h). 
Consider now the geodesic triangle determined by the paths 



Fi : UTT — >g, F2 : utt — >n, f^a : g >ti. 

Since GeoA(G) is (5-hyperbolic, then 

di{q, V{Pi) U V{P2)) < S for every q G ^(Pg). (10) 
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Assume that P^ : g = Qq—^ . . . —^Qn = h with Oj G A. Smce di{qQ, V{Pi)) = < (^ and 
di{qn, V{P2)) = < (5, it fohows from ([10]) that there exist some j € {0, ... ,n — 1} and 
Pi G V{Pi), p2 G ^(-fb) such that di{qj , pi) , di{qj-^.i, P2) < S. Since Pi and P2 are geodesies, 
we get 

{g\h) = ^idiil,g)+di{l,h)-diig,h)) 
= ^i\u\ +di{u7r,pi) + di{pi,g) 

_ + \u\ +di{uTT,p2) +di{p2,h) -di{g,qj) - 1 -di{qj+i,h)) 
= \g Ah\ + i(di(u7r,pi) + di{uTT,p2)) 

+ Udi{Pi,g) -di{g,qj)) + ^{di{p2,h) -di{qj+i,h)) - i. 

Since di{pi,g) < di{pi,qj) + di{qj,g) < 5 + di{qj,g), we have 

1 A 

^{di{pi,g) -di{g,qj)) < -. 

Similarly, 

1 A 

-{di{p2,h) -di{qj+i,h)) < -. 

Out of symmetry, it suffices to show that di{u'7T,pi) < {25 + 1 + Kq)Nq. 
Applying (ii) to pi and p2, we get 

di{pi,P2) > 77 Kq. 

Since pi (respectively P2) is a prefix of 'g (respectively h), it follows easily that pi Ap2 = u 
and \pi\ — IpT AP2I = di{uTT,pi). Hence 

di{uTr,pi) < {di{pi,p2) + Ko)No < {di{pi,qj) + di{qj,qj+i) + di{qj+i,p2) + Ko)No 
< (25 + 1 + Ko)No 

and we are done. D 

We recall that an automaton is said to be trim if every vertex occurs in some successful 
path. Let A = {Q,qo,T,E) be a finite trim deterministic A-automaton recognizing L (e.g. 
the minimal automaton of L, see [IJ). Since L is factorial, we must have T = Q. Let 

dL = {aeA'^ \ a["l G L for every n G N}. 

Equivalently, since A is trim and deterministic, and T = Q, we have dL = Li^{A). Write 
L = LU dL. We define a mapping d^ : L x L ^- W^ by 

'^='(«'^) = l0 otherwise 

It is immediate that d^ is a distance in L, indeed an ultrametric since 

|a A 7I > min{|a A /3|, |/3 A 7I} 

holds for all a, (3,^ G L. We shall commit a slight abuse of notation by denoting also by ^3 
the restriction of ^3 to L x L. 
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Proposition 6.2 (i) The mutually inverse mappings (G, ^2) -^ {L,d^) : g >—^ g and 
{L,d^) — 7> (G, ^2) : u I— )• UTT are uniformly continuous; 

(a) (Ljd^) is the completion of {L,d^); 

(Hi) (dLjds) is homeomorphic to the boundary ofG. 
Proof, (i) In view of ([9]), it suffices to siiow tiiat 

VM > 37V > : {{g\h) > N ^ \g Ah\ > M), 

VM > 3iV > : {\gAh\>N^ {g\h) > M). 

Now we apply Lemma l6.1l fiii). 

(ii) Let (a„)„ be a Cauchy sequence in {L,d^). For every A; G N, the sequence {un )n 
stabilizes when n — > +00. Moreover, lim„_j.+oo «n is a prefix of lim„__j.4.oo ak • Let 
/3 E j4°° be the unique word satisfying f3^^' = lim„^+oo ctn for every A: G N. It is immediate 
that /3 G L and /3 = lim„^+ooa„, hence {L,d^) is complete. Since a = Ivco-n^+oo 00^ for 
every a € dL, {L,d^) is the completion of (Ljds). 

(iii) By (i) and (ii), the uniformly continuous mappings (G, ^2) — )■ {L,ds) : g 1-^ 'g and 
{L,d^) — >■ (G, ^2) : u 1-7' uvr admit (unique) continuous extensions to their completions (see 
[a Section XIV.6]), say 

^■.G^L, ^ -.L^G. 

Hence $^ is a continuous extension of the identity on G to its completion G. Since such 
an extension is unique, $^ must be the identity mapping on G. Similarly, ^$ must be the 
identity mapping on L and so ^ and ^ are mutually inverse homeomorphisms. Therefore 
the restriction ^\dG ■ 9G — > dL must be also a homeomorphism. D 

We have just proved that our construction of L constitutes a model for the hyperbolic 
completion of G. But we must import also to L the algebraic operations of G since we shall 
be considering homomorphisms soon. Clearly, the binary operation on L is defined as 

L X L ^ L : {u,v) >—^ uv 

so that (G, ^2) —7- (Ljd-i) : g 1-^ g is also a group isomorphism. But there is another 
important algebraic operation involved. Indeed, for every g ^ G, the left translation Tg : 
G — 7- G : X I— > gx is uniformly continuous for ^2 and so admits a continuous extension 
Tg : G — 7- G. It follows that the left action of G in its boundary, G x dG — )■ dG : {g, a) i-> OTg, 
is continuous. We can also replicate this operation in L as follows: 
Proposition 6.3 Let u ^ L. Then Tu '■ L —^ L : v >—^ uv is uniformly continuous. 

Proof. It suffices to show that 

VM >0 3N > : {\v Aw\ > N ^ \uv Auv\ > M). 
By Proposition lOTii). we can take N = M + KqNq + No\u\. D 
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Therefore t„ admits a continuous extension t^ : L —^ L and the left action L x dL 
dL : (u, a) i— )• ar^ is continuous. Write ua = aT^. For every a E dL, we have 



ua = u Hm aW = Hm uq\'^\ 

hence {L,d-i) serves as a model for {G,d2) both topologically and algebraically. From now 
on, we shall pursue our work within (L, ^3). 

7 Uniformly continuous endomorphisms 

We keep all the notation introduced in Section [5j In particular, G is a finitely generated 
virtually free group and L = liiTZ'. Following the program announced above, we work 
within (L, ^3). 

Given an endomorphism ip of G, we denote by Tp the corresponding endomorphism of 
L for the binary operation induced by the product in G, i.e. u(f = {u7r)(f. To simplify 
notation, we shall often write uip instead of unip for u ^ A* . 

We say that (p satisfies the bounded reduction property if {\uip\ — \u(p A {uv)'(p\ : uv a L} 
is bounded. In that case, we denote its maximum by B^. This property was considered 
originally for free group automorphisms by Cooper |4J. 

We fix also the notation D^ = max{|a^| : a E A}. 

Theorem 7.1 Let ip be an endomorphism <p of G with finite kernel. Then p satisfies the 
bounded reduction property. 

Proof. Suppose that ip does not satisfy the bounded reduction property. Then 

\/m G N BUmVm G L : \UmJp\ — {UmJP A {UmVm)'^\ > "i- 

Let Xo = {Kq + D^)Nq. We claim that 

Vm G N ^u'^v'^ G L : {\u'^Tp\ - \{u'^v'^)Tp\ > m 

and \{u'^v'^)lp\ - \u'^lp A {u'^v'^)lp\ < Xq). 

Indeed, let ttt, G N. Take n = m + Xq and write Vn = ai . . . a^ (oj G A). For i = 0, . . . ,k, 
let Wi = {unai . . . ai)Tp. Let j denote the smallest i such that \un<p A Wi\ < \unip A (u„f„)^|. 
Take u'^ = Un and v'^ = ai . . . Oj-i (since j > 0). Since L is factorial, we have u'^v'^ G L. 
Now by minimality of j we get 

\Unip AWj-i\ > \UrJp A {UnVn)'^\- 

Since \unjp Awj\ < \un(p A {unVn)'ip\, it follows that 

\wj-l AWj\ < {UnTp A (Unfn)^l- 

Applying Lemma [6TT i) to Wj-itt and Ujip, we get 

|u^j-i| < l^i-i A tfjl + KqNq + NqIojIpI < \wj-i Awj\+ Xq 

< \UnTp A {UnVn)^\ + -'^0 < \Un'^\ - n + Xq = |u„^| - m 
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and so \u'^Tp\ - \{u'^v'^)Tp\ = |n„^| - \wj^i\ > m. 

Suppose that |wj-i| — |n„^ A Wj-i\ > Xq. Since we have seen above that |it;j-i| < 
\wj-i Awj\ + Xq, we get \urJp A Wj^i\ < \wj^i Awj\, in contradiction with {wj-i Awj\ < 

\Un'<^ /\ iUnVn)'<f\ < |u„^ A U^j-i |. ThuS 

KKnV'mM - WnJf ^ {u'mV'mM = \Wj-l\ - \UrJfr\Wj^i\ < Xq 

and so (jlip holds. 
We prove that 

Vm G N 3u'^v'^ G L : \u'^Jp\ > m and |(n^t;^)^| < Xq + NqD^. (12) 

Indeed, let tti G N. We have in r^(G) geodesies 




where pq = u'^Tp, pr = {u'^v'^)Tp and p = u'„^Tp A (u^w^)^. Assume that u'^ = ai . . . Ofc 
(oi G A). Let 

/ = {i G {0, . . . , A;} 1 there exists a geodesic (oi . . . aj)^? — >g — >u'jy^ip in r^(G)}. 

Clearly, G /. We claim that 

{i-l e I and di((ai . . .ai-i)(p,g) > NqD^) ^ i e I (13) 

holds for i = 1, . . . ,k. Indeed, assume that i — 1 G / and (ai . . . ai^i)ip — >g — >u'„^ip is 
a geodesic with y G L. Applying Lemma I5.ir ii) to the word a^ Tp and the geodesic yq, 
it follows that there exists some geodesic (ai . . . aj_i)(/7 — >u'^ip such that z and u share a 
suffix of length > \yq\ — A''o|a^ Tp] > \yq\ — N^D^p > \q\. Since Ta{G) is deterministic, then 
our geodesic (ai . . . ai-ijip — >u'j^ip factors through g and so (fT3]) holds. 

Since k ^ I due to |(7| > 0, it follows from ([13]) that di{{ai . . . ai)ip,g) < NqD^ for some 
z G {1, . . . , /c}. let J denote the smallest such i. We define u'^ = a^+i . . . a^ and f^ = i;(^. 
Since L is factorial and u'^v!^ G L, we have also u'^v'^ G L. 

By minimality of j, we have di((ai . . . ai)ip,g) > NqD^, for i = 0, . . . , j — 1. By (fT3]l . we 
get 1, . . . , j G / and so there exists a geodesic (oi . . . aj)^? — ^-^f — >u'j^ip in r^(G). Hence 

l^m^l = rfi(l. ^mV') = ^i((ai • • • aj)v3, u'^tf) 
> \q\ = \u'm^\ - \{u'^v'^)lf\ > m. 

Finally, 

K^^mO^I = ^i(l> (^m095) = di{{ai . . . aj)(p, {u'^v'^)ip) 

< di{{ai . . . aj)ip, g) + di{g, {u'^viJif) < NqD^ + \r\ 

= NqD^ + \iu'^v'^)Tp\ - \u'^TpA (u'^v'm)Tp\ < NqD^ + Xq 

and so ^ holds. 

Now, since \{u'^v'^Tp\ is bounded, u'^v'^ G L and Kerc^ is finite, then \u'^v'^\ must be 
bounded and so must be \u'^\. This implies that \u'^Tp\ must be bounded, contradicting 
|u^^| > m. Therefore ip satisfies the bounded reduction property. D 
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Proposition 7.2 The following conditions are equivalent for a nontrivial endomorphism ip 
ofG: 

(i) ip is uniformly continuous for 62; 
(a) Kerc^ is finite; 

Proof, (i) => (ii). Suppose that Kerc^ is infinite. In view of ([9]), it suffices to show that 
there exists some r/ > such that 

VC > 3c/, /i G G {p{g, h) <C and p{gip, hp) > rj). 

By Q, we only need to show that there exists some M G N such that 

VA^ G N 35,/i G G {{g\h) > N and gcp / tup and {{gp)\{hp)) < M). 

Take M = {gQp)\\) = and fix giQ £ G* \ Ker(/3. We prove the claim by showing that 

^N (^n^heKeip: {{hgQ)\h)> N. (14) 

Let A^ G N. By Lemma IS.lT iii). we have \hgQ f\ h\ < {{hgQ)\h) for every h (^ G, hence 
we only need to find out h G Kerip satisfying \hgo A h\ > N. By Lemma l6.1( i). we have 
\hgQ A h\ > \h\ — KqNq — A'^ol^ol) hence it suffices that \h\ > N + KqNq + A''o|^| for some 
h G Kerc/9, and that is ensured by Kerc/? being infinite. Thus (J14p holds as required. 

(ii) =^ (i). Suppose that 99 is not uniformly continuous for ^2- In view of ([9]), there exists 
some r] > such that 

Ve > 35, /i G G ip{g, h) <C and p{gip, hp) > r]). 

Hence, by ([9]), there exists some M G N such that 

VA^ G N 35,/i G G {{g\h) > N and gcp / hip and {{gip)\{hip)) < M). 

In view of Lemma I6.1( iii) , we have that 

Vn G N 3un,Vn G L (|n„ AVn\ > n and Unip / Vn<p and |n„^ A VrJpl < M). 

Let Wn = Un A Vn & L. Then either Wn^ 7^ Un^ or Wn'^ 7^ f^^. Without loss of generality, 
we may assume that w^ip 7^ Un'^- Suppose that \wn'^\ > M + B^p. By definition of i?^, we 
get \wn'ip\ — \wn'^ AurJp\ < B^ and so \wrJp AUrJp\ > M. Similarly, \wnipAVn^\ > M and so 
\urJp A Vn^\ > M, a contradiction. Therefore \wrJp\ < M + 5^ for every n. Since \wn\ > n 
and L is a cross-section for vr, it follows that Ker^? is infinite. D 

Given a uniformly continuous endomorphism ip of (G, ^2), then ^ : L ^ L is uniformly 
continuous for ^3. Since L is the completion of (L, ^3), then Tp admits a unique continuous 
extension ^ : L -^ L. By continuity, we have 

a$ = ( lim a["])$ = lim q^^. (15) 

Corollary 7.3 Let ip be a uniformly continuous endomorphism of G and let ua G dL. 
Then \uip\ — \uTp A (nQ)<I>| < B^. 

Proof. We have {ua)^ = lim„_^_|_oo(wa^"0^ by (jlSp . In view of Proposition 17. 2^ we have 

lim„_j.+oo Kital"'])^! = +00, hence lulp A {ua)^\ = \uip A {ua^"^')Tp\ for sufficiently large m. 
Since ua^"^' G L, the claim follows from the definition of B^p. D 
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8 Infinite fixed points 

Keeping all the notation and assumptions introduced in the preceding sections, we fix now 
a uniformly continuous endomorphism (p of the finitely generated virtually free group G. 
We adapt notation introduced in |13J for free groups, and the proofs are also adaptations 
of proofs in [IT] . 

Given n G L, let no" = n A uip and write 

u = {ua){uT), uip = {ua){up). 

Define also 

ua' = A{{uv)a \ uv G L} 

and write ua = {ua'){ua"). 
Lemma 8.1 Let uv £ L. Then: 

(i) \u(j"\ < B^; 

(ii) \ua\ — \ua A {uv)Tp\ < \ua"\; 



(in) {uv)p = (ua'){ua"){up){vp) ; 

(iv) {uv)(j' = {ua'){ A ( {ua"){up){{vz)Tp) A {ua"){uT)vz ). 

uvzdL 

Proof, (i) We may assume that |ucr[ > B^. Let v denote the suffix of length B^p of ua and 
write ua = u'v. Suppose that uw £ L. It suffices to show that u' is a prefix of {uw)Tp, and 
this follows from 

\u'v{up)\ — \u'v{ut) a {uw)p\ = \u'ip\ — \up A {uw)p\ < B^ 

and \v\ = B^. 

(ii) Since ua' is a prefix of ua A {uv)Tp. 

(iii) Since ua' is a prefix of {uv)Tp and both sides of the equality are equivalent in G. 

(iv) Since ua' is a prefix of (uv)a' by (iii). D 

For every u G L, we define 

u^ = {ua" , UT, up, qou). 

Note that there exists precisely one path of the form qo — >qou in A. 
Lemma 8.2 Let u,v £ L be such that uS, = v^ and let a £ A, a £ A°° . Then: 

(i) ua £ L if and only if va £ L; 

(ii) if ua £ L, then {ua)^ = {va)S, 



(iii) uv ^ £ Fix pi; 

(iv) ua £ L if and only if va £ L; 
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(v) ua € Fix^ if and only if va G Fix^; 



(vi) if a € L, then a = lini„_j>+oo 0^""^. 

Proof, (i) Since u^ = v^ implies q^u = qov. 

(ii) Clearly, qqu = q^v yields q^ua = q^va. Considering v = a in Lemma ISTT iii). we may 
write {ua)a = {ua')u' and deduce that u' , {ua)T and {ua)p are all determined by u^. Hence 
{ua)T = {va)T, {ua)p = {va)p and u' = v' . 

Finally, since qou = qov, we have uaz € L if and only if vaz € L. It follows from Lemma 
IS-lT iv) that there exists a word x G L which satisfies both {ua)a' = {ua')x and {va)a' = 
{v(j')x. Now {ua')u' = {ua)a = {{ua)a'){{ua)a") = {ua')x{{ua)a" ) , hence u' = x{{ua)a"). 
Similarly, v' = x{{va)a"). Since u' = v' , we get {ua)a" = {va)a" and so {ua)S, = {va)(^. 

(iii) Since 



{uv^^)(p = {uip){v(f)~^ = {ua){up){vp)~^{va)~^ = {ua){va)^^ 
= {ua){uT){vT)~^ (va)~^ = uv~^. 

(iv) We have ua G L if and only if ua'-'^' G L for every n G N. Now we use (i) and 
induction on n. 

(v) We have ua = {ua')(ua"){uT)a and in view of Corollary 17.31 and (llSp also 



(ua)^ = {ua') lim {ua"){up){a^'^'^ip). 

Hence ua E Fix $ depends just on u^ and a and we are done. 

(vi) Let m = KqNq + A'^qI'^I- By Lemma 16.1( 1). we have \a'-^' A at'^lul > n — m for every 
n, hence a = lim„^_|_oo a'-'^^'^' = lim„_s.+oo a^^^u. D 

Given X C A°°, write 

Pref X = {u e A* \ua £ X for some a € A°°}. 

Recall the finite trim deterministic ^-automaton A = {Q,qo,Q,E) recognizing L. We build 
a (possibly infinite) ^-automaton A'^p = {Q' ,qQ,T' ,E') by taking 

• Q' = {uS, \ uGPrefFix^}; 

• q'o = le; 

• T' = {< eQ' \uT = up = 1}; 

• E' = {«, a,v^) £ Q' X A X Q' \ V = ua £ Pref Fix $}. 

Note that A' is deterministic by Lemma l8.2r ii) and is also accessible: if u £ Pref Fix <I>, 
then there exists a path ^q — >u^ and so every vertex can be reached from the initial vertex. 

Let 5 denote the set of all vertices q £ Q' such that there exist at least two edges in 
B'^ leaving q. Let Q" denote the set of all vertices q £ Q' such that there exists some path 
q^p £ SUT'. We define A'^ = {Q",q'f^,T",E") by taking q'^ = q'^, T" = T' n Q" and 

E" = E'n{Q" xAxQ"). 

Lemma 8.3 S is finite. 
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Proof. In view of Lemma 18. H the unique components of u^ that may assume infinitely 
many values are ut and up. Moreover, we claim that 

ur / 1 ^ \up\ < B^ (16) 

holds for every u G PrefFix<l>. Indeed, suppose that ut ^ 1 and \up\ > B^p. Write a = uj3 
for some a G Fix<I>. In view of Proposition 17.3^ \up\ > B^ yields \{u/3)^ A ulp] > \ua\ and 
now UT ^ 1 yields {{uf3)^ A u/3) = {uip /\ u) = ua. Since /? 7^ 1, this contradicts a G Fix<&. 
Therefore (J16p holds. 

It is also easy to see that 

\up\ >B^^uiiS (17) 

for every u G PrefFix<I>. Indeed, if \up\ > B^ and a is the first letter of up, then, by 
definition of B^, {ua)a is a prefix of (ua)^ whenever ua G Fix<I>. Therefore any edge 
leaving u^ in A' must have label a and so (fT7|) holds. 
In view of Proposition 17.21 we can define 

Wq = max{|ii| : u e L, \uTp\ < 2{B^ + D^ - 1)}. 

Let Zq = B^p + A''o(^o + Wq)D^. To complete the proof of the lemma, it suffices to prove 
that 

\ut\ > Zq^uHS (18) 

for every u G PrefFix<I>. 

Suppose that \ut\ > Zq and {u^,a,{ua)S,),{u£,,b,{ub)S,) G E' for some u G PrefFix<l>, 
where a,b € A are distinct. We have (ua)^ = v^ for some v G PrefFix<^. By Lemma [8. 2 I f v). 
we get uaa G Fix<I> for some a £ L. By (|15p . we get uaa = lim„^+oo(^oct )^ and so 
|(uoa["])^| > \u\ for sufficiently large n. Let 

p = min{n G N : \{uaa^'^^)'ip\ > \u\}. 

Note that p> since \ut\ > Zq and by (fT6]l . Since |(naa[^~"'^l)^| < |m| by minimality of p, 
we get 

|(naaW)^| < |(naQ[P-il)(^| + Z)^ < |u| + D^. (19) 

On the other hand, 

l-ul - \{uaa^P^)lp Au\< B^, (20) 

otherwise, by definition of B^, uaa and (uaa)^ would differ at position \{uaa^P')lp Au\ + 1. 
Similarly, ub/S G Fix<I> for some (3 £ L. Defining 

q = min{n G N : |(n6/3["])^| > |n|}, 

we get 

|(tx6/3M)(^|<|n| + D^ (21) 

and 

|n|- |(n6/3['?])^A'u| <5^. (22) 

Write u = U1U2 with |«2| = -B^- Then by (fT9|) and (pO|) we may write (waat^^)^ = uix for 
some j; such that \x\ < B^p + D^p. Similarly, (pTj) and (j22]) yield (u^/St'^l)^ = uiy for some x 

22 



such that \x\ < B^ + D^. Writing w = (/3M)-i6-iaaH, it follows that w(p = {y~^x)TT and 
so \w^\ < 2{B^ + D^ — 1). Hence \w\ < Wq. Applying Lemma iG.lT i) to g = {ubp™)iT and 
h = WIT, we get 

|n6/3M| < |n6/3M A uaa^^^ + No{Ko + |w;|) < 1^1 + No{Ko + Wq) 

and so g < Nq{Kq + Wq). Hence, in view of (fT6]l . we get 

\ut\ = \u\ — \ua\ < \{ub(3^'^')'ip\ — \ua\ < \wp\ + |(6/3''^')^| — \ua\ 
< \up\ + No{Ko + Wo)D^ <B^ + No{Ko + Wo)D^, 

contradicting \ut\ > Zq. Thus (jlSp holds and the lemma is proved. D 

We say that an infinite fixed point a € Fix<I> n dL is singular if a belongs to the 
topological closure (Fix 99)'^ of Fix 99. Otherwise, a is said to be regular. We denote by 
Sing<l> (respectively Reg$) the set of all singular (respectively regular) infinite fixed points 
of $. 

Theorem 8.4 Let (f be a uniformly continuous endomorphism of a finitely generated vir- 
tually free group G. Then: 

(i) the automaton ML is finite; 

(ii) L{A'^) = FixTp; 

(ill) LUA';) = Sing$. 

Proof, (i) The set T' is finite and S is finite by Lemma [8.31 On the other hand, by definition 
of S, there are only finitely many paths in A'^ of the form p — >q with p,q G S UT' (J {q^} 
and no intermediate vertex in S U T' U {q^}- Therefore Q" is finite and so is A'i. 

(ii) Every u G L labels at most a unique path q'q = 1^ — >u^ out of the initial vertex in 
A'^. On the other hand, if q'q = 1^ — >q' is a path in A'^, then the fourth component of ^ 
yields a path qo — >q in A and so u £ L. Hence 

L{A'^) = {u£L\u^£T'} = {ueL\uT = up=l}= Fixlp. 

Since L{A'^) = L{A'^), (fi) holds. 

(iii) Let a G L^{A''). Then there exists some q" G Q" and some infinite sequence {in)n 



such that ^Q >q" is a path in A!L for every n. Write u = a^*^' and let Vn = a[*"]u^^. 

By Lemma F8.2l fiii). we have Vn € Fixlp for every n. It follows from Lemma F8.2( vi) that 
a = lim„_j._|.oo "Uni thus a G Sing<i>. 

Conversely, let a G Sing<I>. Then we may write a = liuin-^^aoVn for some sequence 
{vn)n in Fix^. Let A; G N. For large enough n, we have a^ ' = vii and so there is some 

q'^^q'^^t'l G T", 
where w^'w = Vn- Thus a G L^{A'') as required. D 
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Recall now the continuous extensions Ty_ : L —^ L oi the uniformly continuous mappings 
Tu : L —?■ L : V >-^ uv defined for each u £ L (see Proposition 16. 3p . As remarked before, 
this is equivalent to say that the left action L x dL — >■ dL : {u, a) i— )• ua is continuous. 
Identifying L with G and dL with dG, we have a continuous action (on the left) of G on 
dG. Clearly, this action restricts to a left action of Fix ip on Fix $ n dG: if 5 € Fix cp and 
a £ Fix <1> n dG, with a = lim„_j.+oo On {dn £ G), then 

{ga)^ = (5lim„_^+oo5n)^ = (lim„^+oo55n)^ = lim„^+oo(5'5'n)¥' 

= lim„^+oo(5</')(5'nV5) = (5'95)hm„^+oo5nV' = 5'(lim„_^+oo9n)^ 
= g{a^) = ga. 

Moreover, the (Fix (/3)-orbits of Sing<l> and Reg<l> are disjoint: if a G Sing<l>, we can write 
a = lim„^+oo Qn with the g„ G Fix (p and get ga = lim„_^+oo 55n with ggn G Fix ip for every 
n; hence a G Sing$ ^ ga £ Sing<l> and the action of g~^ yields the converse implication. 
We can now prove the main result of this section. 

Theorem 8.5 Let p be a uniformly continuous endomorphism of a finitely generated vir- 
tually free group G. Then Reg<l> has finitely many (Fixp)- orbits. 

Proof. Let P be the set of all infinite paths s'q — >Si — > ... in AL such that: 
. s'o£Su{qo}; 

• s'^ ^ S L) {qo} for every n > 0; 

• s'^ ^ s'^ whenever n ^ m. 

By Lemma 18.31 there are only finitely many choices for s'q. Since A is finite and AL is 
deterministic, there are only finitely many choices for s'l, and from that vertex onwards, 
the path is univocally determined due to sj^ ^ S (n > 1). Hence P is finite, and we may 
assume that it consists of paths p'^ — ^ . . . for i = 1, . . . ,m. Fix a path q'q — ^pj for each i 
and let X = {uioi, . . . , UmCtm} ^ dL. We claim that X C Reg ^. 

Let i G {1, . . . , m} and write /3 = Uiai. To show that /3 G Fix $, it suffices to show that 
lim„^-i-oo /3'"^^ = /3. Let /c G N. We must show that there exists some r G N such that 

n>r^ |/3["]^A/3| > A:. (23) 

In view of Proposition 17.21 there exists some r > k such that 

n>r^ 1/3^^1 >k + B^. 

Suppose that |/3'"J^ A (i\ < k for some n > r. Then |/3^"'(t| < k. Since k < r < n, it follows 
that /3["V ^ 1. On the other hand, since |/3["'1^| > A; + B^, we get |/3["lp| > B^. In view of 
(|16p . this contradicts /3["]^ G Q'. Therefore (j23p holds for our choice of r and so X C Fix$. 



Since the path q'q — > . . . can visit only finitely often a given vertex, then (3 ^ L^^i^A'') and 



so X C Reg<I> by Theorem IS^iii) . 

By the previous comments on (Fix (/3)-orbits, the (Fix (/j)-orbits of the elements of X 
must be contained in Reg <I>. We complete the proof of the theorem by proving the opposite 
inclusion. 
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Let (3 € Reg$. By Theorem I8.4l fiii). we have /? ^ L^^^A'') and so there exists a factor- 
ization /3 = ua and a path 



r u t a 



in ^' such that p' signals the last occurrence of a vertex from S U {qq}- We claim that no 
vertex is repeated after p' . Otherwise, since no vertex of S appears after p', we would get 
a factorization of p' — > ... as 



f V I W I w 

p — >q — >q — ) 



and by Lemma l8.2( iii) and (iv) we would get {uvw^v u )tt G Fixc^ and 



/3 = lim uvw"-v ^u ^, 

n— >+oo 

contradicting /? € Reg$. Thus no vertex is repeated after p' and so we must have p' = p[ 
and a = Ui for some i G {1, . . . ,m}. It follows that /3 = uqj. By Lemma l8.2l fiii). we get 
uu~ G Fix^ and we are done. D 

Theorem 18.51 is somehow a version for infinite fixed points of Theorem 14. !( which we 
proved before for finite fixed points. Note however that Sing ^ has not in general finitely 
many (Fix (/9)-orbits since Sing<I> may be uncountable (take for instance the identity auto- 
morphism on a free group of rank 2). 

Since every finite set is closed in a metric space, we obtain the following corollary from 
Theorem [831 

Corollary 8.6 Let ip be a uniformly continuous endomorphisni of a finitely generated vir- 
tually free group G with Fixip finite. Then Fix<I> is finite. 

9 Classification of the infinite fixed points 

We can now investigate the nature of the infinite fixed points of $ when ip is an auto- 
morphism. Since both ip and ip~^ are then uniformly continuous by Proposition 17.21 they 
extend to continuous mappings $ and ^ which turn out to be mutually inverse in view of 
the uniqueness of continuous extensions to the completion. Therefore $ is a bijection. We 
say that a € Reg <5 is: 



an attractor if 



a repeller if 



3e > V/3 € L {d^{a,l3) < e ^ lim /3$" = a). 

n— >+oo 



3e>0V/3GL(d3(a,/3) <e^ lim /3$-" = a). 

n— >+oo 



The latter amounts to say that a is an attractor for <1>~^. There exist other types but they 
do not occur in our context as we shall see. 

We say that an attractor a E Reg $ is exponentially stable if 

3e, A:,^ > V/3 e L Vn G N (^3(0,/?) <e^ (i3(a,^$") < k2-^''d3{a, f3)). 
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This is equivalent to say that 

3M,A^,£>0V/3eLVneN(!aA/3| >M^ |q A /3$"| + iV > ^n + |q A /3|). (24) 

A repeller a E Reg ^ is exponentially stable if it is an exponentially stable attractor for 

Theorem 9.1 Let (p he an automorphism of a finitely generated virtually free group G. 
Then Reg <& contains only exponentially stable attractors and exponentially stable repellers. 

Proof. Let a G Reg$ and write a = 0102 . . . with aj € A. Then there exists a path 

^ ^ ai \1]^ 0,2 \2]^ as, 

14 — )-a' J^ — )-a' J^ > . . . 

in A'^. Let Yq = B^{D^-i + 1) + B^-i{D^ + 1) and let 

y = {< G Q' : \ut\ > Yq or \up\ > Yq}. 

It is easy to see that Q' \ y is finite. We saw in the proof of Theorem 18.51 that there are 
only finitely many repetitions of vertices in a path in AL labelled by a regular fixed point, 
hence there exists some no G N such that 



Q,N^ g y for every n > riQ. (25) 



Now we consider two cases: 
Case L a^''o]T- = 1. 



We claim that 

a'"V = 1 for every n > uq. (26) 

The case n = no holds in Case I, so assume that a^"V = 1 for some n > no. Then q'"^ G V 
and so la^^lpl > Yq > 2i?^. Since lat^+^l^l > |a["]^| — B^ by definition of B^p, then 

|a["+iVl > |a["+^Vl - |a'"+^^| > |a'"Vl - B^ - |aM| - 1 = |a["Vl - B^ - 1 
>Yo-Bp-l>B^. 

By (USD, we get at^+^V = 1 and so (I2SD holds. 
Next we show that 

((a["l7)$)["+^l = a['"+^l (27) 

if n > no and a^'^^j G L. Indeed, by (j26|) we have a'"]'^ = a["l(a["lyo) and la'^^l > Iq > 
B^. By the definition of B^ and Corollary [731 we get ((aW^)$)h+i] = a["l(a["V)f^'- 
Considering the particular case 7 = a„_|_i, we also get 

(a[n+i]^)[n+i] = aM(aWp)[i] = ((aN^)ci>)["+i]. 

Since al^+^V = 1 by ([26D, we have (a['^+^l^)['^+il = a^''+^^ and^o ([271 holds. 

Hence we may write (q:!"'^)^ = a^'^~^^''y' whenever al"'^ G -L. Iterating, it follows that, 
for all k > uq and n G N, a'^7 G -L implies (a^ '7)$"" = a' '''"''7' for some 7'. By considering 
P = a^^']^ and q^'^J = q A /3, we deduce that 

|a A /3| > no => |a A /3$'"| > n + |a A /3| 
26 



holds for all /? € L and n € N. Therefore (|24p holds and so a is an exponentially stable 
attractor in this case. 

Now, if [al^Vl = 1 for some i > no, we can always replace no by t and deduce by Case I 
that a is an exponentially stable attractor. Thus we may assume that: 

Case II : a'-^'r ^ 1 for every n > no. 

By replacing no by a larger integer if necessary, we may assume that (j25|) is also satisfied 
when we consider the equivalents of ^ and V for ip~^. 

Since (p is injective, there exists some ni > no such that |a^"i^^| > no + B^p. Since 



al"ilr ^ 1, it follows from ([HD that |a^"iVl < B^, hence a^"-^^a 



a^' 



for some n2 > no- 



Write X = at^ilp- Then a["i]^ = a^^^^h yields q["i] = (a["2]^-i)(x^-T) and so 
m = |a["i]| < lat'^^l^l + \x^\ < lat'^^l^l + B^D^-i. 

On the other hand, |q["^1/9| ^ -^i/s < ^o and a^'^'^' € ^ together yield Yq < ja'^^Jrl = ni — n2 
and so 

n2 + -B^-i < ni - Fo + B^-i < rii ~ B^D^-i < la'^^l^l. 

In view of (J16p . we can apply Case I to (/3~^, hence a is an exponentially stable attractor 
for if"^ and therefore an exponentially stable repeller for 99. D 



10 Example and open problems 

We include a simple example which illustrates some of the constructions introduced earlier: 

Example. Let G = Z x Z2 and let A = {a, b, c}. Note that this is not the canonical set of 
generators, which would not work. Then the matched homomorphism n : A* ^ G defined 
by 

a7r = (l,0), 67r = (0,l), cvr = (1, 1) 

yields 

GeoA(G) = (a U c)* U (a^^ U c"^)* U {b, b'^} 

and we can take 

n = {{xx-^, 1) I X G 1} U {{a'b^, cf), {b^a^, (f), {c%\ a'), {b^(f, a') \5,e = ±1} 
U {{ac~\b), {c~^a, b), {a-'c, b), {ca-\b), {b\ 1), {b-\ 1)} 

to get Geo a{G) = liiTZ. Ordering Ahy a < c < a^^ < c^^ < b < b~^, we get 

L = a*(l U c) U (a"^)*(l U c"^) U 6, 
recognized by the automaton A depicted by 
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Hence dL = L^{A} = {a'^ , (a-^)"^}. 

Let c/p be the endoniorphisni of G defined by {m, n)(p = {2m, n). Tlien ip is injective and 
therefore uniformly continuous, admiting a continuous extension <l> to L. Since B^p = 0, it 
is easy to check that A'^ is the automaton 




. . . ^ a "^f -s a ^f -« If ^ af ^ a^f ^ . . . 

and 

If = (1,1,1, go), 6f = (1,1,1,93), a"f = (l,l,a",gi), a""f = (1, 1, a"", (72) 

for n > 1. Note that in general we ignore how to compute ^' , our proofs being far from 
constructive! 

It is immediate that Fix<l> = {1, 6, a'^, (a^^)"^}. Moreover, the regular infinite fixed 
points a^ and {a~^)'^ are both exponentially stable attractors. 

Finally, we end the paper with some easily predictable open problems: 

Problem 10.1 Is it possible to generalize Theorems \4-l\ l<§-5l and \9.1\ to arbitrary finitely 
generated hyperbolic groups? 

Paulin proved that Theorem 14.11 holds for automorphisms of hyperbolic groups [TB] . 

Problem 10.2 7s Fixf effectively computable when (p is an endomorphism of a finitely 
generated virtually free group ? 

For the moment, only the case of free group automorphisms is known (Maslakova, 
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